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(Skew) Filters in Residuated Skew Lattices 


R. KOOHNAVARD!, A. BORUMAND SAEID! 


Abstract 


In this paper, we show the relationship between (skew) deductive 
system and (skew) filter in residuated skew lattices. It is shown that if a 
residuated skew lattice is conormal, then any skew deductive system is a 
skew filter under a condition and deductive system and skew deductive 
system are equivalent under some conditions too. It is investigated that 
in branchwise residuated skew lattice, filter, deductive system and skew 
deductive system are equivalent. We define some types of prime (skew) 
filters in residuated skew lattices and show the relationship between 
prime (skew) filters and residuated skew chains. It is proved that in 
prelinear residuated skew lattice any proper filter can be extended to a 
maximal, prime filter of type (I). The notion of the radical of a filter is 
defined and several characterizations of the radical of a filter are given. 
We show that in non conormal prelinear residuated skew lattice with 
element 0, infinitesimal elements are equal to intersection of all the 
maximal filters. 


Keywords: Residuated skew lattice, (skew) deductive system, (maxi- 
mal, prime) (skew) filter 


1 Introduction 


Non-commutative lattices have been studied for over sixty-five years. To 
our knowledge, the first person to engage in their extended study was the 
physicist P. Jordan who published numerous articles on the subject over 
a span of thirteen years [7]. Since then papers on the subject have been 
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written by various authors from a variety of perspectives [13]. The study of 
skew lattices began with the 1989 paper of Leech [12]. Skew lattices are a 
generalization of lattices that operations V,/A are not commutative. In skew 
lattices, two different order concepts can be defined, the natural preorder and 
the natural partial order. For given a skew lattice (A, V,/) both algebraic 
reducts (A, V) and (A,/) are bands, that is semigroups whose elements are 
idempotent. The Green’s relation is a congruence relation on the skew lattice 
and its quotient algebra is a lattice. Unlike lattices, the admissible Hasse 
diagram representing the order structure of a skew lattice can not determine 
its algebraic structure. J. Leech defined normal and conormal skew lattices. 
A skew lattice A is normal, if any downset of A is a lattice and is conormal, 
if any upset of A is a lattice. Any conormal skew lattice with a bottom 
element is a lattice and any normal skew lattice with a top element is a 
lattice too [10]. 

The notion of ideals of skew lattices was first mentioned in [1]. Two 
natural concepts of ideal can be derived, respectively, from the two concepts 
of order that arise in the context of skew lattices. J. Pita Costa called them 
skew ideals and ideal and expressed notions of (skew) ideals and (skew) filters 
in skew lattices [15]. The filter theory for logical algebras plays an important 
role in studying these algebras and the completeness of the corresponding non- 
classical logics. Various logical algebras have been proposed as a semantic 
system for non-classical logic system, such as residuated lattices, BL-algebra, 
MV-algebra. Residuated lattices are very useful algebraic structures because 
they describe the structure of truth values of fuzzy logic. Filters are tools of 
extreme importance in studying these logical algebras and the completeness 
of non-classical logics. Residuated lattices originated in Mathematical Logic 
without contraction. They have been investigated by Krull [9]. Residuated 
lattices, introduced by Ward and Dilworth in [17], are a common structure 
among algebras associated with logical systems. Chajda et.al introduced 
a non-commutative generalization of the residuated lattice and called it 
skew residuated lattice [3]. Another non-commutative generalization of the 
residuated lattice is given by residuum on the skew lattice which is called 
residuated skew lattice [2, 18]. We have studied residuated skew lattices and 
our results are a generalization of what is defined in [18]. In the paper [2], 
A. Borumand Saeid and R. Koohnavard defined residuated skew lattices 
as non-commutative generalization of residuated lattices. They defined 
deductive system and skew deductive system in residuated skew lattices and 
investigated relationships between them and showed that the class of all 
conormal residuated skew lattices forms a variety too. They showed that 
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the Green’s relation is a congruence relation on residuated skew lattice and 
its quotient algebra is a residuated lattice. 

For better understanding of residuated skew lattices, we investigate 
filters and use of them for classification and obtain residuated skew lattices 
structural properties. The filter theory in residuated skew lattices plays 
an important role. From a logic point of view, various filters have natural 
interpretation as various sets of provable formulas. In this paper, we study the 
relationship between (skew) deductive system and (skew) filter in residuated 
skew lattice and show that deductive system and filter are equivalent. On the 
other hand if a residuated skew lattice is conormal, then any skew deductive 
system is a skew filter under a condition and deductive system and skew 
deductive system are equivalent under some conditions too. It is investigated 
that in branchwise residuated skew lattice, filter, deductive system and skew 
deductive system are equivalent. We generalize the concept of prime filters in 
residuated lattices and use it for classification of residuated skew lattices and 
the relationship between residuated skew chains and residuated skew lattices. 
We show that F' is a prime (skew) filter of type (II) iff its quotient algebra is 
a residuated skew chain and if A is a prelinear residuated skew lattice, then 
any proper filter can be extended to a maximal, prime filter of type (I) too. 
\V-irreducible elements are defined and is shown that {1} is V-irreducible 
iff {1} is a prime (skew) filter of type (1). We introduce the concept of the 
radical of a filter and investigate some of its properties. We show that in 
non conormal prelinear residuated skew lattice with 0, infinitesimal elements 
are equal to intersection of all the maximal filters. 


2 Preliminaries 


In this section, we review some properties of skew lattices and residuated 
skew lattices which we need in the sequel. 


Definition 2.1 ({1]) A skew lattice is an algebra (A,V,/A) of type (2,2) 
such that satisfies in the following identities: 

(1) (@Vy)Ve=H=2VyVaz) and (z@AyAz=xA(yAz); 

(2) tA S]o and ey eo =s, 

(3) 2A @Vy) =8=2V (f@Ay) and (PAY) Vy=—y HV AY; 


The identities found in (1—3) are known as the associative law, the idempotent 
laws and absorption laws respectively. In view of the associativity (1), we 
can omit parentheses when no ambiguity arises. 
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On a given skew lattice A the natural partial order < and natural 
preorder ~ respectively are defined by x < yiffaAy=x2=yAz2 or dually 
rVy=y=yVearandez x y if and only if yVx2V y = y or equivalently 
xA\yAx =. Relation D is defined by cDy iffeVyVx =x andyVaVy=y 
or dually, cAyAx =z andyAxAy=y. For any elements x,y of a skew 
lattice A, x Dy iffeVy=yAz [5]. 

All lattices are skew lattices. (A,/) is a rectangular band, if / is 
idempotent and associative, r\yA z= 2A z. At the other extreme, a 
rectangular skew lattice is a skew lattice A for which both (A, A) and (A, Vv) 
are rectangular bands whose multiplications dualize each other, x A y = 
yV a [11]. In fact, 


Definition 2.2 ([4]) A skew lattice is rectangular if it satisfies the identity 
rVy=YANE. 


Lemma 2.1 ([4]) The following conditions are equivalent for a skew lat- 


tice A (for all x,y,z € A): 


(1) A is rectangular, 
rAyYyArL=z, 


LAYNZ=LNZ, 
TVYVzZ=zV 2. 


The First Decomposition Theorem for skew lattices states: each D-class is a 
maximal rectangular subalgebra of A and A/D is the maximal lattice image 
of A. In brief, every skew lattice is a lattice of rectangular subalgebras. In 
the below figure, C’, B, J, M are maximal rectangular subalgebra. 


el 
a ae 
Ce eB 


~—N a 
°uM 


Clearly « > y in A iff D, > Dy in the lattice A/D where D, and Dy are 
the D-classes of x and y, respectively. Given a € C and b € B for D-classes C’ 
and B, aV 6 just lie in their join D-class J; similarly a A b must lie in their 
meet D-class M [8). 
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We say that x is L-related to y (denoted x Ly) if Ay = x and 
y\x = y, or dually, cVy = yandyVx2x=a. « and y are R-related 
(cRy)ifeAy=y and yAa =z, or dually, cVy=2 and yV z= y [5]. 
The equivalences L and R, induced by =, are again congruences [16]. L, R 
and D are congruences on any skew lattice, with LVR =LoR=RoL 
and LN R= A, the identity equivalence. Their congruence classes (called 
R-classes, L-classes or D-classes) are all rectangular subalgebras [8]. 


Definition 2.3 ([16]) A skew lattice is left-handed (right-handed) if L = 
(R= 


Lemma 2.2 ([16]) The neat conditions are equivalent for a skew lattice A: 
(1) A is left-handed, 
(2) for allz,y€ A, x Dy impliesxAy=a, 
(3) for allz,ye A, rAYAGZHaNy. 


Definition 2.4 ([10]) Skew lattice A is normal ifxA\yAzAw = xAzAyAw 
and is conormal ifaVyVzVw=2xVzVyVw for all x,y, z,w € A. 


Proposition 2.1 ([10]) A skew lattice A is normal iff each sub skew lattice 
({ x) is a sub lattice of A. Dually, A is conormal iff each sub skew lattice 
(t a) 18 a sub lattice of A ((t x) = {y € Aly > x}, (1 &) = {y € Aly < a}). 


A skew lattice is distributive if it satisfies x A (yV z) Aa = (aAyAax)V 
(eheNa) andeV As) Vem @VgGVeAwV2Y a) (11. 

A skew chain is a skew lattice where A/D is a chain ie. for all x,y € A, 
eayory sa (0), 


Definition 2.5 ([2]) A residuated skew lattice is a nonempty set A with 
binary operations V,/A,@© and hyperoperation — and constant element 1 that 
satisfying the following: 


(1) (A,V,A,1) is a skew lattice with top 1 (for alla e€ A, x <1), 

(2) (A,©,1) is a commutative monoid, 

(3) © and > form an adjoint pair, i.e. zxa— y off xOz xy, for all 
x,y,2 EA. 


The relations between the pair of operations © and — expressed by (3), 
is a special case of the law of residuation and for every z,y € A,xt > y = 
sup{z € Al @©®z x y}. Supremum of a set in a pre-ordered set is not a 
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unique element, z + y may be a D-class (for example x > y = Da = {a,b} 
that a D b). Two D-classes have D-relationship when all of their members 
have D-relationship with each other. Relation < between two D-classes is 
defined member to member (i.e. B X C iff Ve € C,Vb € B,b Xc) [2]. 


Lemma 2.3 ({2]) Jf A is a residuated skew lattice and x,y,z € A, then 


(1) lo 2=D, andro 2 =1, 
rOyrnuyhencexOyxuAy,yAt,yrnuy, 
LOyr@w-y, 

gxnyife@oy=landcDy iffe#roy=yor=il, 


6) zO(@> y) Ry, 23 (> y) Sy and ((z > y) > y) > y) D(z > yy), 


(z > (y > z)) D(z Oy>z)Diy> («> 2)), 
ti > yi 3 (yo 22) > [Yi > yo) > (a1 > 22), 


Corollary 2.1 ({2]) Let A be a residuated skew lattice with 0. For every 
ze Aandn > 1 we have (2**)" X (a2")*, ((a**)” = o* ©--- Oa), 
(a* = a2 —- 0). 


Definition 2.6 ([2]) A branchwise residuated skew lattice is an algebra 
A= (A,V,A,0,—,1) of type (2,2, 2,2,0) satisfying the following: 
(i) (A,V,A,1) ts a distributive skew lattice with top 1 (for all x € A, 
<1), 
(it) (A,©,1) ts a commutative monoid, 
(iit) For any u € A, two operations >y,©y can be defined on (t u) such 
that (tu, V,A, Qu; us U, 1) is a distributive residuated lattice by top 1 
and bottom u (}u= {a € Alx > u}), 
(iv) c>y=(yYVEVY) yy, 
(v) cOyDzOuy, for allue A, x,y € (tu). 
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Theorem 2.1 ({2]) Jf A is a conormal distributive residuated skew lattice 
which xOyD «Oxy, for everyu € A, x,y € (ft u), then branchwise 
residuated skew lattice and residuated skew lattice are equivalent. 


Definition 2.7 ([2]) Let A be a residuated skew lattice. A nonempty subset 
D C A is called a deductive system (for short ds) of A, if the following 
conditions are satisfied: 

(i) LED, 

(ii) [fee Dx >yCD, thenye D. 


Definition 2.8 ([2]) Let A be a residuated skew lattice. A nonempty subset 
DCA is called a skew deductive system of A, if the following conditions 
are satisfied: 

(i) LED, 

(ii) Ifee Dx >yCD, thenyA(a{ > y)AyCD. 


Definition 2.9 ([2]) A deductive system of a residuated skew lattice A is 
maximal if it is proper and it is not contained in any other proper deduc- 
tive system. 


Proposition 2.2 ([2]) Let S C A be a nonempty subset of A, x € A and D, 
Dy, Dg be deductive systems. Then 
(1) If S is a deductive system, then [S) = S, 
(2) [S) = {y € Als1©...© Sn < y, for some n > 1 and s1,...,5n € S}. 
In particular, |x) = {y € Aly = x”, for some n > 1}, 
(3) D(x) = {y € Aly = dO©a", which d€ D andn> 1}, 
(4) [Di U D2) = {y € Aly = dy © dg for some dy € Dy and dz € Do}. 


Corollary 2.2 ({2]) Jf M is a proper deductive system of residuated skew 
lattice A with 0, then the following are equivalent: 


(i) M is a maximal deductive system, 
(it) For anyx € A,x ¢ M iff (2")* C M, for somen> 1. 


3 Prime (Skew) Filters 


In this section, we define (skew) filter and show that there is a relationship 
between it and (skew) deductive system. For classification of residuated 
skew lattices and the relationship between residuated skew chains and filters, 


122 R. Koohnavard, A. Borumand Saeid 


we define prime filters too. The prime filters in residuated skew lattices are 
a generalization of the concept of the prime filters in residuated lattices. 
From here to the end of the paper, let A be a residuated skew lattice, unless 


otherwise stated. 


Definition 3.1 A nonempty subset F C A is called a filter of A, if the 
following conditions are satisfied: 
(i) Ife F andzx xy, theny€ F, 
(it) Ifz,yeF, thnxoOyeF. 


In the following diagrams, the natural partial order is indicated by full 


line and the congruence 


is indicated by dashed line. 


Example 3.1 Let A = {0',0,m,a,b,p,n,c,d,1} be a skew lattice such that 


0,0<m<ab<p<n<cd<land0DQO,a 
= {0, 0’}. A= (A, V,A,O,-, 


following operations: 


b, 


= {a, b}, 


0, 1) ts a residuated skew lattice with the 
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a|Do Do Da 1 5 Ceey ee a ea Pa a|0 0! mm maaaaéeéa 
b|Do Do Da 1 1 11141421 b6|/0 0 m mm b b b b b 
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n|Do Do m Da Da p 1 11 1 n|0 0 mabpennn=—o7n 
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0/0 0 m abpned it 0/0 0 00 0 0 0 0 0 0 
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nin nnnnnn cd 1 n|0 0! ma bponn*7»an 
G |) 6 “G36 26 se Sta) C6 od c|0 0 m abpn con e 
d|d dd4d4dd4¢ddt14dt1 d|0 0 m a bp nn dd 
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By = Ans @0e 1) ho = tin, Gyn, aL hs’ he TY ond 


Fy = {p,n,c,d,1} are filters of A. 
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Definition 3.2 A nonempty subset F C A is called a skew filter of A, if 
the following conditions are satisfied: 

(i) Ifee F andzx<y, thenye€ F, 

(ii) Ifz,yeF, thnxoOyeF. 


Since x < y implies x X y, therefore any filter of A is a skew filter. 


Example 3.2 In Example 3.1, F = {0',m,a,b,p,n,c,d,1} is a skew filter 
but is not a filter, since 0' <0 and 0! € F but 0¢ F. 


Proposition 3.1 A nonempty subset F C A is a filter of A iff F is a 
deductive system of A. 
Proof: Let F be a deductive system of A,xxyandxe F. Sor ay= 
1¢F therefore y € F. Now, let x,y € F. We must show thatrOy€é F. 
SinceexOy > xOy=1eF,2x,yEeF andrOyoroOyD2e > (yo zy) 
therefore x > (y>uOy) CF. Thus we deducex@y € F. 

Conversely, let F be a filter of A, x <1 andax € F. By assumption, 
le F. Now, letexe Frx > y CF. Thus x © (a > y) € F and since 
LrOQ(t#>y) xy we get that y € F. 


Proposition 3.2 A nonempty subset F C A is a filter of A iffxe Fix > 
YNF £40 imply y € F. 
Proof: Let F be a filter andx € Fix > yO F #9. We implies 
xeF,x7yCF. Therefore y € F. 

Conversely, ifx € F, x > y CF, thnx e Fi, x a yNF FO. 
Therefore y € F. 


Any branch of a conormal residuated skew lattice is a residuated lattice. 
In the following, we want to study the relationship between deductive 
system, skew deductive system and skew filter in the conormal residuated 
skew lattices and branchwise residuated skew lattices. 
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Proposition 3.3 Let A be a conormal residuated skew lattice such that 
r>ry=yVaVy-y, y (for all x,y € A). If F CA is a skew deductive 
system, then F is a deductive system of A. 

Proof: LetxEe Fray CF. We must show that y € F. Since F is a 
skew deductive system, then y\ (x y) Ay € F.. On the other hand 


y=yA(yVeVyryyWAY=YA(ery)AyY 


therefore y € F. 


Corollary 3.1 Let A be a conormal residuated skew lattice such that x > 
y=yV«eVy-y y (for all x,y € A). Then F C A is a skew deductive 
system iff F is a deductive system of A. 

Proof: By Proposition 3.8 and Lemma 4.1 of [2], it is clear. 


Theorem 3.1 Let A be a conormal residuated skew lattice such that x > 
y=yV«eVyyy (for allx,y € A). If F CA is a skew deductive system, 
then F is a skew filter of A. 

Proof: Let F be a skew deductive system, x < y anda € F. Therefore 
reroy=1eFandyA\(t@r7yAy=yAlAy=yEF. Now, let 
x,y € F. Since 1 = (xOy) > (x Oy) € F, then (y 9 rOy)A(t > 
(y¥>xrOy)A(youOy) CF. Thereforey > «Oy C F, this implies 
(rOy)A(y> tOy)A(xO©y) € F. On the other hand we have y > cxOy = 
((zOy) Vy¥V (LOY)) Foy) (Oy) Ef (TOY) te. y>rOyeEt (LOY). 
Thereforex Oy =(rOyAYyYrrOy)A(LOy)eEF. 


Corollary 3.2 Let A be a branchwise residuated skew lattice and F C A be 
a nonempty subset of A. Then 


(i) if F is a skew deductive system of A, then F is a skew filter, 
(ii) F' is a deductive system of A iff F is a skew deductive system. 


Any branch in branchwise residuated skew lattices is a residuated lattice, 
therefore in any branch the relation ~ coincides the relation <. Now by above 
corollary and since any branchwise residuated skew lattice is a residuated 
skew lattice and Proposition 3.1, we have filter, deductive system and skew 
deductive system are equivalent in branchwise residuated skew lattices. 

In Example 3.1, F = {0',m, a,b, p,n, c,d, 1} is a skew filter, but is not 
a skew deductive system, since 0’ € F,0' >0=1€ F but 0A (0! > 0)A0= 
O¢ F. 

Converse of Corollary 3.2 (i) does not hold, because: 
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Example 3.3 Let A = {Do, —c,... — 3, -—2,—-1,0,1} be a skew lattice such 
that Dp = {—009, —009}, —000 009 and —o0p, —009 < —C<O << -1< 
0<1. A=(A,V,A,©,—-,1) is an infinitely branchwise residuated skew 
lattice with the following operations: —cog A —oop = —009, —005 A —009 = 

00f, —009 V —009 = —009, —00§ V —009 = —009. Also for all z,y € A, if 
u<y, thenzAy=ax andxVy=y. 


> oo 00 OG eh 8 Be set 0> dd 
Seog ca 1 7 ££ i at 
—005 1 1 1 1 1 1 1 1 
ore) 000 00H 1 1 1 f° fu 
-8 OOg 00g oe) 1 1 1 1 1 
-2 oer) 00g oO -§ 1 1 Ste. of 
-1 O09 00g 00 3 -2 1 1 1 
0 009 00h oo -3 -2 -1 1 1 
1 009 00h oo -3 -2 -1 0 1 
© 009 006 oo -3 -2 -1 0 1 
Co Co Coo Co Co Co Co Co Co 
00g O09 005 00g 00g 00H 00g 00H 00g 
oe) Cog OOH oe) oo oe) oe) oe) oe) 
-3 O09 005 00 -3 -3 -3 -3 -3 
-2 009 OO oo -3 -2 -2 -2 -2 
-1 009 foreyh oo -3 -2 -1 -1 -1 
0 009 foreyh oo -3 -2 -1 0 0 
1 009 OOH oo -3 -2 -1 0 1 
e 1 
| 
Oo 
| 
—le 
| 
—2e 
] 
—3e 
coe 
ae —_ 
Fe eee © —col, 
F = {-009,-0,...,—-3,-2,-1,0,1} is a skew filter but is not a 


skew deductive system. Because —oog € F,—o09 4 —00p = 1 € F but 
00g A (—009  —005) A —009 = —00 € F. 
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Definition 3.3 A (skew) filter F of A is called prime (skew) filter of 
(i) type (I) (PF1), ifeVyVa € F, thenx € F orye F, forallz,y € A, 
(it) type (II) (PF2), ifx>oyCF oryou CF, forallz,y€A, 

(iit) type (III) (PF3), if (a > y)V(y> a)V(a> y) CF, for allz,y € A. 


Residuated skew lattice A is called prelinear, if (2 > y) V (y > x) V (4 > y) 
= 1, for all x,y € A. In Example 3.1, A is prelinear. 


Proposition 3.4 (i) Any prime filter of type (II) is a prime filter of 
type (1), 

(ii) If A is prelinear and F is a prime (skew) filter of type (I), then F is a 
prime (skew) filter of type (ID), 

(iit) Any prime filter of type (II) is a prime filter of type (IID), 

(iv) If F is a prime (skew) filter of type (I) and a prime (skew) filter of 
type (III) of A, then F is a prime (skew) filter of type (II). 

Proof: 

(i) LetxVyV« € F and without loss of generality let A be a left-handed 
residuated skew lattice. In left-handed residuated skew lattice we have 
eVyVae=yVeandyVzex (you) 9 “xA(e>y) > y, we deduce 
that (y> 2) > a@,(4 > y) > y CF and according to the assumption 
xé€F ory€F. (If A be a right-handed residuated skew lattice, then 
it is proven similarly). 

(iz) It is clear. 

(iit) Let F be a filter. Sincex > y,y 94 xXx (@ SD y)V(yoa)V(a7> 
y) (y>2)V(a#> y)V(y> &), it is clear. 

(iv) Since F is a prime (skew) filter of type (III), then (x > y) V (y > 
x) V(x > y) € F which implies (x > y) C F or (y> «) C F since F 
is a prime (skew) filter of type (1). 


Remark 3.1 Let A be prelinear. F is a prime filter of type (I) iff F is a 
prime filter of type (II). 


Example 3.4 Let A = {0,a,b,1} be a skew lattice such that 0 <a,b< 1, 
aDb and Dy = {a,b}. A= (A,V,A,©,—-,0,1) is a residuated skew lattice 
(residuated skew chain) with the following operations: 


>+|0 a b 1 ©O|0 a bf 
O;1 1 1 1 0;0 0 0 0 
a|0O 1 1 1 a|0 a@aa 
b|O0O 1 1 1 b|O0 a b 6b 
1/0 Da Da 1 1/0 a b 1 
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Vv | oO a b 1 A| 0 a b 1 
0\|0 a b 1 010 0 0 0 
ala a b 1 a|0 aaa 
b|b a b 1 b}/O0 b b b 
1/1 1 1 1 1|0 a b 1 
et 
ae 


F = {b,1} is a prime skew filter of types (I), (II) and (III), but is 
not a prime filter. In Example 3.1, F, = {n,c,d,1} is a prime filter of 
types (I), (II) and (III) and Fy = {1} is a prime filter of type (III) but 
is not of types (I) and (II), because cVdVc=1 € Fy but c,d ¢ Fh and 
cod=dé¢ Fydoc=cé¢ Fy. 


Example 3.5 Let A = {—000, —00p, —00,... — 3, —2, -1,0,a,b,m,1} be a 
skew lattice such that Do = {—co9, —009}, —000 D — 006 and —c09, —005 < 
—0o <..<-1<0<a<b<m<1. A=(A,V,A,0,—7,1) is an infinite 
residuated skew lattice with the following operations: —oog A —cop = —000, 
—oop A —c09 = —005, —009 V —00h = —009,—005 V —009 = —009 and 
a\b=0=bAa,aVb=m=bdVa. Ifa<y, thnzAy=2,rVy=y, for 
all x,y € A. 


+ | -009 -—COf —OO S$ -2 -1 0a 6m 1 
—0Og 1 1 1 1 1 1 (irl es ae ae 
—005 1 1 1 1 1 1 1 11 1 1 
—oo 7 Do i 1 1 d OD te SOG 

-3 Do Do  —oo Db ae Se ot 

-2 0 0 —0o -3 1 1 1 1 1 1 1 

-1 Do Do —oo -3 -2 j ee ee ae ey Se 

0 0 0 —Co -3 -2 -1 1 1 1 1 1 

a Do Do —Co -3 -2 -1 a 1 b 1 1 

b 0 Do —Oo -3 -2 -1 b a 1 1 1 

m 0 (6) —CO -3 -2 -1 0 a b 1 1 

1 (0) Do —0o -3 -2 -1 0 a b m 1 
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© —Cp —-OOf6 —0CO 8 -2 -1 0 a b m 1 
oe) oe) 000 eel) eel) oe) 000 000 eel) oer) 000 O00 
00 O09 00g 00H 00 00 00g 00 00H 00 00g 00H 
ee) 009 00H ee) ee) ee) ee) ee) ee) ee) ee) ee) 
3 —o9 —-OXOQ —CO -3 -3 -3 -3 -3 -3 -3 -3 
2 —009 -—OOf —0O -3 -2 -2 -2 -2 -2 -2 -2 
1 —0o9 —009 -—oO -3 -2 -1 -1 -1 -1 -1 -1 
0 —o9 —OOQ —CO -3 -2 -1 0 0 0 0 0 
a | —c9 —009 —0O -3 -2 -1 0 a a a 
b —009 -—00f —0O -3 -2 -1 0 0 b b b 
m | 009 —00f —0O -3 -2 -1 0 a b m m 
1 —009 -—00f —0O -3 -2 -1 0 a b m 1 

Pal 

| 

me 

igre ce: 
Ser 

| 

—le 

| 

—2e 

| 

—3e 

—coe 

BO oS, 
eye cet ev), 


In this example, F = {1} is a prime filter of type (I) but is not of 
types (II) and (III), because (a > b) = b ¢ F\(b > a) = a ¢ F and 
(a> b)V(bo>a)V(a>bb=méF. 


Proposition 3.5 (i) Any prime filter of A is a prime skew filter, 
(ii) Suppose F and G are (skew) filters of A and F C G, then 
(1) if F is a prime (skew) filter of type (II), then G is prime (skew) 


filter of type (II), 
(2) if F is a prime (skew) filter of type (III), then G is prime (skew) 


filter of type (III). 
Proof: 


(i) Since < implies x. 
(it) (1) By assumption, x > yC FCG ory>2«CF CG, for all 


L,yea. 
(2) By assumption, (x > y) V (y> 2) V (a > y) CF CG, for all 


Z,yeAa. 
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Example 3.6 Let A = {0,a,b,n,c,d,m,1} be such that0 < asb<n< 
cd<m<1,aD band Dy = {a,b}. A = (A,V,A,0,7,0,1) is a 
residuated skew lattice with 0, with the following operations: 


> 0 a b n ec dm 1 ©O!]0 abn c dm 1 
0 1 1 1 Let ff, ut 010 00 0 0 0 0 =0 
a i 1 1 1 221 1£é iif a|0 0 0aaaaeqoq a 
b i 1 1 1 1 1 1 £ 1 610 0 0 6b b b b 6b 
n 0 i as ad dO! Ie odes. oD n|}0O abnnnon on 
Cc 0 m eM EE tS oh c|0 abn en € € 
d 0 he De. “62 “68 Sh ae at d|0 abn n ad ded 
m 0 a De nc d 1 1 m|0 abn ce d mm 
1 0 D Da n c dm 1 1/0 abn cdm i 
VIO a bn ce dem 1 A|0 a bn c dm 1 
0'|0 a 6 n ec dem 1 010 00 0 0 0 0: =0 
ala a ben ce dm 1 a|0 aaaaaaeqa 
b|b a bn ec dm 1 610 6b b b b b bb 
nln n nn ce dem 1 n|0O0O abononnnion 
Cc Cc Cc Cc Cc c mm i c!|!0 abn cn e Cc 
d|d dddm dm 1 d|0 abnn dad ada 
m\|mmmmmmm i m|0 a bn ce d mm 
1 1 ‘ee ee | 1 7 a ee | 1|0 abn ec dm 1 
6 
| 
m®@ 
a ™ 
ce ed 
~~. eee 
ne 
ee S 
Aceon eb 
= ge 


F ={1},G= {m,1} are filters of A and F is a prime filter of type (I) 
but G is not a prime filter of type (I), because cVdVc=mMme€EG butc,d¢gG 
i.e. extension property for prime filter of type (I) does not hold. 


The following definitions are generalization of idempotent and V-irreducible 
elements in residuated lattices: 


Definition 3.4 x € A is called an idempotent element, if x? D x. 


Example 3.7 In Example 8.6, {0,n,c,d,m,1} are idempotent elements 
of A. 
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Definition 3.5 An element a € A is called V-irreducible, ifa Dx V y, then 
aD «2 oraD y (or both). 


Example 3.8 In Example 3.6, {a,b,1} are V-irreducible elements. 


If a € A is an idempotent element, then it is not difficult to see that 
Fy = {x € Ala < z} is a filter of A. 

In following, we investigate the relationship among residuated skew 
chains, prime (skew) filters and V-irreducible elements: 


Proposition 3.6 (i) Ifa is an idempotent and V-irreducible element of A, 
then F, is a prime filter of type (I), 
(iz) {1} ts a prime (skew) filter of type (II) iff A is a residuated skew chain 
iff any filter of A is a prime (skew) filter of type (II), 
(iit) {1} is a prime (skew) filter of type (IID) iff A is prelinear iff any (skew) 
filter of A is a prime (skew) filter of type (III), 
(iv) {1} is a prime (skew) filter of type (I) of A iff {1} is V-irreducible, 
(v) If any prime filter of type (I) of A is a prime filter of type (II) and {1} 
is V-irreducible, then A is prelinear. 
Proof: 


(i) Suppose x Vy € Fy. Thena x «Vy and thereforea Da©a x 
a®(xVy)D(a®z)V(a®y) xa. SoaD (a®z)V (a©y), which 
impiesaDa@®az oraDa®y. Soax xz ora x y, which means 
exactly that x © Fy, ory © Fy. 

(iz) Since {1} is a prime (skew) filter of type (II) iff x > y = 1 or 
you=1ifferxy ory xx iff A is a residuated skew chain and by 
Proposition 3.5, it is clear. 

(iit) ts clear. 

(iv) is clear. 

(v) By assumption, (iit), (tv) and Proposition 3.4 (tit), we imply that A is 
prelinear. 


If F is a filter of A, then define A/F = {[x]|x € A} and [z] =2/F = 
{fy € Alt > y,y > a C F}. V,A,O,— are defined on A/F as follows: 
[x] V [y] = [e Vy), [2] Aly] = [xy], [2] ©[y] = [Oy] and [x] — [y] = [x > y]. 
For relation < on A/F’, we define [2] = [y] iff oy CF, a2,yeEA. 


Proposition 3.7 If F is a filter of A, then A/F is a residuated skew lattice. 
Proof: According to associative, idempotent and absorption laws in A, it 
is clear that V,\ in A/F are associative, idempotent and absorption. We 
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must show that z/F © y/F Xx z/F iffa/F x~y/F 7 z/F andv,A in A/F 
are not commutative. We have z/F Oy/F x 2/F iffxOyo2zCF iff 
gto (yo2) CF if c/F x (y > 2)/F iff z/F x y/F - 2z/F. Since 
zVyDyVa, thnarVyoyVr=1EeFyyVroarVy=1€F therefore 
(aVy)/F Xx (yVa)/F and (yV2)/F X (aVy)/F soxz/FVy/F Dy/FVa/F. 


Theorem 3.2 (i) If F is a (skew) filter of A, then F is a prime (skew) 
filter of type (II) iff A/F is a residuated skew chain, 
(ii) A/F is prelinear iff F is a prime (skew) filter of type (III). 
Proof: 


(i) F is a prime (skew) filter of type (II) iffe >y CF oryouarCFr 
iff x/F <~y/F ory/F x «/F iff A/F is a residuated skew chain. 

(ii) F is a prime (skew) filter of type (III) iff (c& > y)V(y > a)V 
(tq 3 yEeF if (t*oyVyo2a)Vigoy))/FHl/F if A/F is 
prelinear. 


Proposition 3.8 If F is a filter of A and x ¢ F, then 


(i) there exists a prime filter P of type (I) such that F C P and xz ¢ P, 
(ii) F is the intersection of those prime filters of type (I) which contains 
F. 


Proof: 


(i) We put § = {F’ C A|F” is a filter,F C F’ anda ¢ F’}. Clearly 
& #0. Since any totally ordered subset has a top bound, then by 
Zorn Lemma, § has a maximal element as P. We show that P is a 
prime filter of type (I). Let P be not prime of type (I). Therefore exist 
y,z € A such that zVyV ze P but y,z ¢ P. On the other hand since 
Pc Py), P(z) and P is maximal, then P(y), P(z) ¢ ¥. Therefore 
x € P(y),P(z). So there exist f,g € P and m,n > 1 such that 
c= fOy™ andz >= g©2z” that imply x = (fOy™)V(gO2") = (f Vg) 
Oy" VA)O(FVz2")O(y™V2") = (FVQOY™VA)O(FV2Z")O(yvz)™ 
and sinceezVyVzDyVz, then x € P, that is a contradiction. 

(it) Let F; (for alli € I) be a prime filter of type (I) such that F C Fj. 
Therefore F C (ee Fae 
Conversely, letx €(\je, Fi anda ¢ F. By (i), there exists prime filter 
P of type (I) such that F C P,x ¢ P which implies x ¢ (),-, Fi, which 
is a contradiction. 
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Corollary 3.3 Any proper filter F of A can be extended to a prime filter 


of type (I). 
Proof: We put x =0 in Proposition 3.8 (i). 


Proposition 3.9 Jf P is a prime filter of type (II), then the set 
&={F|P C F,F isa proper filter} 

is linearly ordered with respect to set-theoretical inclusion. 

Proof: Let F,Ge §. Assume G £ F,F £ G. Then there are x,y € A 
such thatx € Fix € G andy € G,y ¢ F. Since P is prime of type (II), 
eitherx > yC PoryrouCP. Ifet«ayCPCF, theny € F, which is 
a contradiction. Ify >a C PCG, then x € G, which is a contradiction. 
Thus GCF or F CG. 


Proposition 3.10 Jf A is prelinear, then any proper filter can be extended 
to a maximal, prime filter of type (I). 

Proof: Let F be a proper filter. By Corollary 8.3, F can be extended to a 
prime filter of type (I) E, by Remark 3.1, E is a prime filter of type (II), and 
by Proposition 3.9, the set § = {G|E CG, Gis a proper filter} is linearly 
ordered. Define M = UgexzG. Then 1 € M and ifz,x + y € M, then 
x,4 > y €G, for some G € §, thusy€ GCM. Therefore M is a filter 
and also proper, since no G € § contains 0, thus 0 ¢ M. By Proposition 3.5, 
M is prime of type (II) and by Remark 3.1, M is prime of type (I) and 
obviously maximal. 


Proposition 3.11 (i) Let A be prelinear. Then any prime filter of 
type (I) can be extended to a unique maximal filter, 
(ii) Any maximal filter of A is a prime filter of type (I). 
Proof: 


(i) It proves by Propositions 3.9 and 3.10. 
(ii) Let M be a maximal filter of A. Since M is proper and by Corollary 
3.8, there exists a prime filter P of type (I) such that M C P that 
implies M = P. 


In Proposition 3.11, prelinear condition is necessary because: 


Example 3.9 Let A = {0,a,b,n,c,d,m,1} be a skew lattice such that 0 < 
ab<n<ed<m<1,cDd andD, = {c,d}. A=(A,V,A,0,-,0,1) ts 
a residuated skew lattice with 0, with the following operations: 
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>!10 a boon Cc d m 1 ©O!]0 abn ec dm 1 
0;}1 1 1 «1 1 1 1 1 010 00 0 0 0 0 =0 
a|b 1 6 1 1 iL 1 1 a|0O a0 aaaoaeq a 
bla a 1 1 1 1 fr. A 610 0 b b b b b +b 
n|/0O a b 1 it 1 i nee! | n|!O0O abenonnnion 
c|0 a 6b iz 1 1 1 1 c|0 abnnn ci ie 
d|0 a 0b 6 1 a 1 1 d|0 abnn n di d 
m\|0 a bon - « 1 1 m|0 abn ec dm im 
1|0 ab on e co m if 1|/0 abn c dm 1 
ViO a bn ce dem 1 AN|0 a bn c dm 1 
0'|0 a bn ec dm 1 010 00 0 0 0 0 =0 
ala annece dm 1 a|0 a0aaaeoaeq a 
b|b n bn ec dem 1 610 0 b b b b bb 
nln n nn ce dm 1 n|0O0 abenonnnion 
cle coe oe oc dm 1 c|l0 abn € € € € 
d|d dd de dm 1 d|0 abn dadadeia 
mi|mmmmmmm i m|0 a bn ce d mm 
1 1 be. ap 1 eed ares | 1|0 abn ec dm 1 
el 
| 
me 
a “SS 
Caen es cei as | 
ey wa 
ne 
a NN 
ae eb 
es a 


In this example, A is not prelinear ((a > b) V (b> a) V (a> b) = nF 1), 
P = {1} is a prime filter of type (I) and M, = {b,n,c,d,m,1},M2 = 
{a,n,c,d,m,1} are maximal filters of A and P C My, Mo 1.e. if A is not 
prelinear, then for prime filter P of type (I), maximal filter M contains P 
is not unique. 


4 Radical of a Filter 


The intersection of all the maximal filters (maximal deductive systems) of A 
is called the radical of A and will be denoted by Rad(A) and intersection 
of all the maximal filters of A that contain F is called the radical of F' and 
will be denoted by Rad(F’). It is obvious that Rad(A), Rad(F’) € Ds(A). 
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Example 4.1 In Example 3.1, Rad(A) = A\{0',0} and Rad({n, c,d, 1}) = 
A\ {0', 0}. 


Theorem 4.1 Let F be a filter of prelinear residuated skew lattice A with 0. 
Then 
Rad(F’) = {x € Al(a”)* > a2 CF, forallne N}. 

Proof: If F=A, then Rad(A)=A={xreE A|(x”")* 32CA, for allnEeN}. 
Now, we assume that F # A. Let x € Rad(F) and there isa keEN 
such that (x*)* + 2 £ F. Then by Proposition 3.8 and Remark 3.1, there 
exists a prime filter P of type (II) such that F C P and (x*)* > x CP, 
Since P is a prime filter of type (II), we obtain x > (x*)* C P. Also by 
Proposition 8.11, there exists a maximal filter M of A such that P C M. 
Therefore x + (2*\* C M. Ifa € M, then x” € M, for alln € N, thus 
in particular x* € M. Also we have x — (a*)* C M, hence (2*)* C M 
and so 0 = «* © (x*)* € M, which is a contradiction. Thus x ¢ M. We 
have F C PCM anda é¢ M, hence x ¢ Rad(F), which is a contradiction. 
Therefore (a*)* +2 CF, for allk EN. 

Conversely, let (x")* >a CF, for alln€ N anda ¢ Rad(F). Then 
there exists a maximal filter M of A, such that F C M anda ¢ M. Since M 
is a maximal filter of A, then there exists n € N such that (a")* C M. 
We have (x")* > « C F C M, hencex € M. Then x” € M and so 
0 = (a")* Oa" € M, which is a contradiction. 


Proposition 4.1 Let A be a prelinear residuated skew lattice with 0. Then 
Rad(A) = {x € A|(z")* < zt}. 

Proof: Let B = {x € Al(a”)* < x}. Suppose that x ¢ B i.e. there 
exists n © N such that (x")* A x. Therefore (x")* > « #1 which implies 
that there exists a prime filter P of type (II) such that (2")* > a £ P thus 
x — (a")* € P. By Zorn Lemma, there exists a maximal filter M such that 
PCM, therefore x — (x")* C M. Ifa € M, then x” € M that implies 
(x")* CM, which is a contradiction. Thus x ¢ M so x € (| yemax(a) M@ = 
Rad(A), i.e. Rad(A) C B. 

Conversely, if = ¢ (\weman(a) M@ = Rad(A), then there exists a maa- 
imal filter M such that x ¢ M. Therefore (x")* C M, if (a")* x a, then 
« € M which is a contradiction. Thus (2")* £ x i.e. « ¢ B, so BC Rad(A). 


Theorem 4.2 Let A be a prelinear residuated skew lattice with 0 and F be 
a proper filter of Aandx € A. Then x € Rad(F) iff x* > x” C F, for all 
neN. 
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Proof: Let x € Rad(F). Since Rad(F) is a filter of A, we obtain 
xz” € Rad(F), for alln€ N. So by Theorem 4.1, ((2")™)* > a” C F, for 
allm € N. We have x" ~X «x then (a”™)* > 2” x x* > x”. Therefore 
x* >a" CF, for allne N. 

Conversely, let x* > «” C F, for alln € N and x ¢ Rad(F). Then 
there exists a maximal filter M of A such that F C M anda ¢ M. Hence 
there exists m € N such that (2™)* C M. We have x™ ~ (2™)**, hence 
xe > a™ ~ 2* > (a™)**, and so x* > (2™)** C F. We have 


(2™)* > a*™* = (2™)* > (2* 30) D a* 9 ((2™)* 30) = a* 9 (2™)* CF. 


Therefore (x™)* > a** CF CM. Since (x™)* C M, we get that x** C M 
and so (#**)" C M, for alln € N, thus in particular (a**)™ C M. We 
nave (ery (ay OM, this (ey CoM, Since (2™)* CM, hence 
0 = (a™)** © (x™)* € M, which is a contradiction. 


For filters fF), F of A we define Fy > Fy = {x € AJF, N [x) C Fo}. 


Theorem 4.3 If F,F;,G are proper filters of A, then following conditions 
are satisfied: 


(3) FC Rad(F), 
it) If F CG, then Rad(F) C Rad(G), 
(iii) If M is a maximal filter of A, then Rad(M) = M, 
) Rad(Rad(F)) = Rad(F), 
) If < FUG > is a proper filter of A, then Rad(F) U Rad(G) 
C Rad < FUG (< FUG >= {x € Alx = di @de, di € F,d2 € G}), 


(xiv) x* =0, for allx € A\ {0}, iff Rad(F’) = A \ {0}, 
Ifxe saa ), then ((2")* © (a")*) > c = 1, for alline N, 
Rad(F)=AiffF=A. 


vi) 
(oil) Rad( Uses F.) = Use, Rad), 
(vidi) Rad(();e7 Fi) = Mier Rad(Fi), 
(ix) Rad({1/F}) = Rad(F)/F, 
(x) Rad(F) + Rad(G) C F > Rad(G), 
(xi) Rad(F > G) C Rad(F > Rad(G)) 
(xii) If x,y € Rad(F), thenz* > y CF, 
(xiii) If x,y € Rad(F), then (2* © y*)* CF, 
) 
xv) 
') 


In vi — viti and xi — xvi, A is a prelinear residuated skew lattice with 0. 
Proof: 
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(i) is clear. 
(ii) If € Rad(F), then « € (Vpcmeman(a) M- 
Therefore & € (\gcmeMmax(A) M te. « € Rad(G). 
(iti) is clear. 
(iv) According to (ii), we have Rad(F’) C Rad(Rad(F)) (since F C Rad(F)). 
Suppose x € Rad(Rad(F)), therefore x € M, for all maximal filters M 
of A that Rad(F') C M. Let Mo be an arbitrary maximal filter of A 
that contains F. Then Rad(F’) C Rad(Mo) = Mo, therefore x € Mo. 
Sox € Rad(F). Hence Rad(Rad(F)) = Rad(F). 
(v) Since F,G C< FUG >, then Rad(F), Rad(G) C Rad << FUG> 
(according to (ii)). Therefore Rad(F’) U Rad(G) C Rad < FUG>. 

(vi) By Theorem 4.1 and Proposition 4.1, it is clear. 

(vii) If x € Rad(U;; i), then (2")* > « C Uj, % so there existsic I 
such that (x”")* + x C F; therefore x € Rad(F;). On the other hand 
since F; C U,-,; Ki, then Rad(F,) © Rad(U,<; i) for allie I, hence 
Ujer Rad(Fi) © Rad(U je; Fi). 

(viii) Since (\je, Fi C F; for all (4 € I), and (it), it is clear. Conversely, 
let x € ()je7(Rad(F;)). Then x € Rad(F;), for alli € I, and so 
(o°)" 4@ CF, for allied and we NW Hence 2") 4a Cer, 
for alln € N, that is x € Rad((\,c,; Fj). Therefore Rad((\,-; Fi) = 
er Rad(F;). 

(ix) By definition of radical we have Rad({1/F}) = ()\pememas(a)(M/F) 
= (Nrcmemaa(a) M)/F = Rad(F)/F. 

(x) Let x € Rad(F) > Rad(G). Then Rad(F) M(x) C Rad(G). Hence 
FA [x) C Rad(G), that is x € F + Rad(G). 

(xi) Let x € Rad(F > G). Then (2")* > 2 CF 4G, for alln € N, that 
is FO [(x2”)* > 2) CGC Rad(G), for alln € N. Hence (x")* > « C 
F + Rad(G), for alln € N, and so x € Rad(F > Rad(G)). 

(xii) Letx,y € Rad(F’). Thenx@y€ Rad(F) and so (x@y)* > (xOy)CF. 
We have x©@y xz then (xO©y)* > (Oy) xX u* > (x Oy). Therefore 
x* > (r@©y) CF. SincexOy xy, thnzOy>y=1€ F and so 
(2* > (x ©y)) © ((a@ Oy) > y) € F. Thus by Lemma 2.3 (10), we 
obtain «* > y CF. 

(xiii) Let x,y € Rad(F’).Then by (xii),we have x* > y C F. Since y x y™ 
we get that x* > y ~ a* > y™ and so x* > y** C F. Thus by 
Theorem 3.2 of [2], we have (x* © y*)* CF. 

(xiv) Let «* =0, for alla € A\ {0}. It is clear that Rad(F) C A\ {0}. We 
must show that A\ {0} C Rad(F). Take x € A\ {0}, then by hypothesis 
x* =O and sox* 92" =07 2" =1€F, for alln€ N. Therefore 
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x € Rad(F) by Theorem 4.2, Hence Rad(F’) = A \ {0}. Conversely, 
let Rad(F’) = A \ {0} and there exists x € A \ {0} such that «* 4 0. 
Hence by hypothesis x* C Rad(F),x € Rad(F), so 0 € Rad(F), which 
is a contradiction. 

(vv) Leta € Rad(F). Then (2")* — @& < (2")* or (2”)* < (2")* > a, 
for alin € N. Let (2")* > & X (a™)*. Since (2")* 3 2 C F, 
then (a")* C F and sox € F. Hence x” € F, for alln € N, so 
(2”)* © a" € F. Therefore 0 € F’, which is a contradiction. Hence 
(2")* < (a2”)* > a, for alln © N. Then (2”)* > ((2")* > x) = 1, for 
alln € N, so ((2”)* © (2”)*) 3 2 =1, foraline N. 

(xvi) Let Rad(F) = A. Then 0 € Rad(F) and so0 = 1-0 = (0")* 50eF, 
for alln € N. Therefore F = A. The converse is clear. 


According to Theorem 4.3, Rad(F’) is a closure operator. 


Definition 4.1 An element x of a residuated skew lattice A with 0 is called 
infinitesimal if x #1 anda” > x*, for anyn>1. We denote by Inf(A) the 
set of all infinitesimal elements of A. 


Example 4.2 In Example 3.6, Inf(A) = {n,c,d,m}. 


Proposition 4.2 For every nonunit element x« of a prelinear residuated 
skew lattice A with 0, (x #1), x € Rad(A) iff x € Inf(A). 

Proof: Let x € Rad(A). Then by Proposition 4.1, (2")* x x. Therefore 
forn=1, x* xa. Since x” € Rad(A), then (x")* x x”. On the other hand 
xox” <x 2* Ox =0 which implies x* © x” = 0, for alln € N, implies 
eS (ay. This sa, 

Conversely, let x be an infinitesimal and suppose x ¢ Rad(A). Thus 
there is a maximal filter M of A such that x ¢ M. By Corollary 2.2, there 
isn > 1 such that (x”)* C M. By hypothesis x* < x” hence (x”)* X «**, so 
xa** C M. On the other hand (x2**)" ~ (a2")**, hence (2")** C M therefore 
0 = (a")* © (a")** € M, that is a contradiction. 


Corollary 4.1 Rad(A) \ {1} = Inf(A), in prelinear residuated skew lat- 
tice A with 0. 


Example 4.3 In Example 3.4, Inf(A) = {a,b} = Rad(A) \ {1} = {a,b}. 


Remark 4.1 In branchwise residuated skew lattice A, Inf(t u) C Rad(t wu) 
for allue A. 

Proof: Since any branch of branchwise residuated skew lattice A is a 
(distributive) residuated lattice, then it is clear by Corollary 1.68 of [14]. 
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In fact, in branchwise residuated skew lattice we have Inf (t+ wu) C Rad(t 
u), for all u € A, but in non conormal prelinear residuated skew lattice A 
with 0, Rad(A) \ {1} = Inf (A). 


5 Conclusion and Future Research 


In this paper, the relation between skew deductive system and skew filter 
were studied. In residuated skew lattice and branchwise residuated skew 
lattice, deductive system and filter were equivalent. Results showed that 
in conormal residuated skew lattice which x > y=yVaVy —y y, skew 
deductive system is a skew filter and deductive system and skew deductive 
system are equivalent. Some types of prime (skew) filters were defined in 
residuated skew lattices and relations among them were investigated and the 
concept of prime filters in residuated lattices was generalized by them. We 
showed the relationship between prime (skew) filters and prelinear residuated 
skew lattices and by a example was shown that extention of a prime filter of 
type (1) is not a prime filter of type (I). The notion of the radical of a filter F 
was introduced and was presented a characterization and many important 
properties of Rad(F’). In non conormal prelinear residuated skew lattice 
with 0 was shown that Rad(A) \ {1} = Inf(A). In the future, we study 
the prime spectrum of a residuated skew lattice and study this topological 
space and we obtain some properties of it. We try to define some types of 
(skew) filters, investigate the relationship among them. We consider some 
relationships between those filters and quotient algebras that are constructed 
via those filters and classification of residuated skew lattices. A primary 
decomposition for the filters will be gotten and some properties of the filters 
based on the prime filters will be gotten too. Filters can be used to derive 
topological properties of algebraic structures and it is possible to define 
different topologies on the algebraic structures by using filters, which we 
address in future. We can get some algebraic properties by studying the 
topologies too. Various topologies will be defined as Zariski topology and 
Flat topology on the residuated skew lattice and their properties will be 
obtained. 
prime filter(1) 
prime filter (III) =—= prime Se) Dame filter(I) 
maximal filter 
The relationship among some types of filters in residuated skew lattices 
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